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(nAvtomatika i Telenekhanika" Vol. VIII, No 1, 1947)
. omalay e thoet . .
- Ethis art}cle,ig;nditiona W forfconvergence of

automatic regulation processes, following given (but not "small")

al. T

"™\ initial deflections.

)

++— o The method proposed eerlier by the author is extended to the

~—

’ case whex the differential equations of the process contain any

‘:Knum‘ber of non-linear functions, some of them in several vsriable?:z
Generalizing somewhat the terminology introduced in the pre=

: ceding work [JJ, we shall congider hereafter that the process of |

; regulation undergoes a\decrement' 1n+hm:a L, if the equil- ]

jbrium stebilized by the regulator and upset as a result of 4he o

s reqion i
initial diatfﬁaance, characterized by &Ny point ot tho deea L, :
cessation o \

is reesteblished some time lat;r/ a.i‘ter,\the distfbing effect .
@eesaie That is, the regulation process undergoes a decrement |
in L,ii‘ the equilibrium position stebilized by the regulater
is asymptotically steble, and if all points belonging to the
given lawea )6 the initial deflectima(L)also belong to the neeel®”
of stebility for the most part" of this equilibrium position.
Conditions sufficient for & decrement of the system were
deternmined in ﬁ._/— for the case ifie‘; the equations describing the
regulation process contain one nox%?unear function in cne variable;

i. e, veducing to the forms

N I -
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where ayj end 1) are constantswwebers(some of which are ger0) 5

ES
k is any number 1, 2, ..oy 0, end 1 is any number X, i, seey Do

The generalization of the eriteria found in /[1] for the cuse
whgi' the system of equations describing the process contains
several non:]\linear functions, (each in one variable%, is not
difficult (a similar example was discussed in 4.

The generalization of the same criteria for the case r‘c ': the

~
equations of the process contain any number of none;linea.r functions,

{
i

! including also functions in several variables, is the object of the

present repor{f&

Ty

i 1, GENERALIZATION OF CRITERIONI
Let us assume that the procesa of regulation 1s described
by eny system of equations:
‘ 5 W ?.,,r._.'L.. . ."’:\:,;\i), L
) where F; &re assigned functions of all or some of the
4 specified variables; X1s X2, eee) xn, are increments of the generalized
] coordinates and velocities,reckoned from 2%:3;?\;51%5 in a regulated
equilibrium position in such a way thaet the origin of the coordinates
of the system's phase space (1) (x7 ® X3 = «+- ® 0;, corresponds to this

-

Foothbié‘ﬁin view of thf fact that the present report is a con-
tinuation of report /17, the guthor has refrained from duplicating
here a survey of the preceding works pertaining to the same pro-

blem of autometic regulation.
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By

equilibrium and therefore Fy (0. ves0) = 0
Let us simultaneouslyPwith 4.equatic§ﬁé~(1)iaxamine)the linesr

equutions
vk eq. P2
v

vhere a1y Kre constants wadwee (some of vhich are zero).
Concerning the system of equations (7) we shull assure only thet
Routh- Hurwits®  » ST
it setisfies ‘xo criterkad‘—w Otherwise, the coefficients
844 mey be mrelected erbitrarily/end this arbitrariness may be utilized
in & pract_iqgtg»gppiicntion of the method given 'r,elow.l’{}

The considerations whicﬂ“f:é‘fr.ﬁi{'us to genertlize our criterion I are

Just generelizations of the coneiderations brought forth during the

rroving of this criterion al.

Let us arbitrarily take the quadratic form

! ’\)’\ﬂu"\j -'L:b f)' L' (2)

making sich
weectifir the wednes—ef constant coefficients AyiXy ee—sato-ensube that

forn (3) 111 be definitely negative.

Let us teke & second quedratic form

! M»be F’ f (£)

and
Adetemin&g its coefficients ByyX from the eauations which we will

obtu:h;, Aequating the coefficients heving similer terms in the relatior.-

//"\ \ &M—v\i &b‘ lel

(5)

.

} vhere xy oge teken in accordance with equations (2).

{ The phase curves of system (2) intersect any of the ellipsoids of
the series V = R (R 1s any non-negative number)

us the relationships (2) need not be equations of "small

fluctuaticns" relative to system (1).
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i . v[‘/ have
. enly from the o dadde dner's, ~ince on tho strength of (5),‘% - UA7/h!! and
- /A

, =
ll‘\?@varywhere negative,
1 Let us everine nov the systen of ¢ antions
jx T g N ; s ,"' Do
1 . . .o PN i r‘\
! oy ()
| H ; e nimbers det
| vhere agq huve the sume values ar in (')r\“ij{ ere nimbers det
| below,
Retaining in (4) the above-found values of coefficients Fuy®x» ¥

ermined

shall £ind the derivative

YV;\.{ )“ S : (7)
AL >,
2 taking the values Xi from system (6).
Then equatien (7) wiil establish the derivative % as a qmde’

sk

ratic form relative to variables Xj, X ccey Xpe Ceefficients of this '
form (let us designate them Syy x,) will depend an'r;j, and the ineqmlities ‘
. which have to be satisfied in order that the quadratic form (7) be
;i definitely negative will bring conditions which in this case must be

©»
satisfied by 1“3

’

ST .
goo - (8

vhere@s the quamtities aij and 5, are well & 1neg@\ly the ceefficients
iij and Agy X9, vhich may be selected arbitrarily, 1imited only by
the above indicatsd conditions,

System (6), tegether with inequelities (8), defines the set of

1inear equations/ whocs phase curves intersect any of the ellipsoids of
the system V s R ouly from the outside inwards,

i
|
i

/,ﬂr»w:h 1s essentisl enly that ‘..’,"1 a O should sstisfy inequalities
b (8.
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! let us now substituts in the derivative

‘s\“'\ values I.xiﬁatomined by the examined systea (1). It i not diffieult

te notice that %! continues to remain nezntin at any point in the phase
gpace, if the quantities uij{lltism.ue,\ineqmlity can be so selected 8) >~
thats 9"t this poimq,/uhs value of any ef the non;linear functions Fy

(x15 X29 eoes xp) coincide with the values cf the corresponding linear

function

We shall select from ameng the ellipsoids of the series V= R
any ellipseid V = Ry, and name the series of points inside this me
as “:4;;” R."
If a1l 71(11, X29 oo x.n) of the investigated nonalinear systen
reg:
were such that, for any point Xjq X2e» c°°s Xno of oea R of the
phase space, it is possible to ﬁndy/-mong the quantities aij satisfying
inequalities (8)?/such valuse (perhaps fer each of its points) that
) ! A / -
/ o , O
then the derivative &V threughout the mnlﬁxmma vy aystem (1]
is definitely negntiveh the curves of systom (1) intersect the set of
ellipsoids ¥ s R only from outside inwards, converging towards the
srigin of the coerdinates lnd, consequently, aysten (1)7/1.n this cuee,g/
undergoes a decrement in jnc Ry
we cAn ?ut
Generalizing somewhat/ the considerations brought forth, Athe result

obtained ven—be—given- in the form of the following criterion:

B Generalised Criterion I
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! 1¢ it is possible for & linear system of differential equations

’ with constant coefficients (2)7/to construct a definitely positive

i
" Lyapunovi® function V whose derivative gt expressed by systen (2) P>
- d
will be a definitely nogative fumetion for any valuesjayj satisfying the

inequalities

b4 < !
Ne
then; in erder for the non;-linur gysten (1) to undergo & decrement
: in mrw v=R of the ;:huo space; it will e suffisient 1f for every
] reqy.
“. peint of this w it is pessible to gelect such nluosﬂ{nu satisfying

[ -
the inddcated inequalities, st which the nlm,\jé“ ayq Xy colncides

j=1

®
with the v-lmhi‘i(n, Xy, *°0* xn) .

24 EQER;ICAL EXAMPLE

: Pormulation of Fxample !
2 i
Taking into gccount the non 1inearity of the characteristics of the \

egine and disregarding the norlflinoarity of the ehx;::rrisuos of the

regulater, the object of this exemple is to determine % conditions,
for the below-doacribed 4nstallation consisting of & high-spoed Diesel
engine with direct epeed regulation, which sre sufficient to csuse
convergence of the regulation precess after any i.nithl deviation
preduced by & momentary change in the engine speed of not more than

/ 100 rpm and & displacement of the regulator coupling of nct mere
than Mﬁl ) inithl ipeetl of the coupling 4s equal te zero.

—poetinotesiihe term spyapmov function” 18 here understeod to be in the
restricted meaning indicated in ﬁ]?/und not in the broader sense which
is unsually understood in this commection.

\“2 Similar initisl deflections esn be caused for instence by shert-
duration lead changss. ’
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‘ .
| ;
] Descriptien ef the ipstallation and the equation for the process.
'i The huh-spudaﬁiuol engine is utilized for fixed operation
? / ﬂr, 'rﬂl‘ ll’ R

at n = 1200 rwm, A ruiuuneoﬁo s eppiied to the engine which

va
in effact does not whetige during momentary changes in Mpead of-the cmging,\_k
and is equal to 161(; . "n a'g 'thyvuL
\W@ X *!‘1;{7/1 and 2,\ ‘o variants of sngine characteristics,ene—shome
- X variatin in Torgue=
" Each curve determinss ¢ uue*ﬂe-ez—%hez-“‘-‘-',“_,,_. !enantA!‘ (eom=

w”bnu

* ‘g / pmedlmq,\yg = 16 kg * 3) wiAhEamisage 'in the rpm 44 =300 te of 300

wilibr
rpa (conput.ed o;Ar..": 1200 rpm) and with an lmehnuiu (but different)
’ 4 7 position ef the courling of the regulater, which is disconnectad from

~+  the engime,

A
f'cqo The moment ef inertia I.‘* of all the engine's retating and ferward
noving masps, brought out in its flyvheel, equils 0.2 k;’;-:-";.tp\ 2.

The equation of motion of the engine has the form

or q \ I T [(f l[ T R
; S T S
. where F(x,y) 1n s function defined by ) m of curves shown in Figwn
3 (£irst variant of the engine) and in rigr’i (second variant of the
angine), ebtained from l‘i"'i 1 and 2 by changing the scale of the

ordinate axis 39.9 times.

A centrifugal regulater ef construction "RATI® (!u‘fS) 1s ,uge’d in
tho cnp-cu.y of a direct-action regulater. The parsmeters of the regulater

are auc that the equation ef the regulater has the form

9 wavL.A- 4 .B < N

i

In these eqmtiouAulu in M‘fa\ 1, 2y 3, orl.s x s An are the

. Foetnote: ;,’"5\11 data on regulator "NATI" were submitted to the author

by Pref. G. G. Kalish.

i
i
i
i

i
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L

Y ¥ ¢

(incremevt = drtrrment> : zauilibaum e 7/
deviations Ain the engine's rotation computed from A12ro rpm (x> O/ if the
/

retations incrense); y 48 the displacement of the regulater courling,
] computed n-o: :l;;;ymion cerresponding to engine eperation at 1200
rm.
Thus, the process of regulation is described by the equations
) R ,

- | SRR 1

(10)
In the rhase space with coordmtu 2’, ¥ ?the region of initial
deviations is given by the recta gle -1oo< x4 100, 3 Ly L4 3./0—/
! ! lying in the plane £ = O.

’; DETERMINATION CF CONDITIONS FOR A DECREMENT (F_THE SYSTEM.
i PR R e ———

e shall tczke as a linear approximation ef equations (10)

DI !

wd
placing a = 0 and b 2 50’\ taking imte consideration the course of the

(11)

curves in !'ﬁv:dB and 4,

This system is similar to system (21) ef report /17, for which
I in /i) the set of ellipsoids of intercst to us was conshructed to
intersect the curves of the linear system only from the outside inwards.

In our case, Na = 0, b = 50, R = 100, ¢ = 6872 and k » 104.6.

Repeating the computations carried out in /17, but taking into account

these nlun for the ceefficients and setting U, in the ferm U) = -L(x ,‘
Y 7‘ § ) for the equation ef the set ef ellipseids
. ‘ nE e S e -

T
L o (12)

we easily ;
determine the following values for the coefficiemts:

’ ' 4 .'t Vi ;
| Pt @)

®)
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]

. 0 o

and determine the derivative

b [ . e

\1
x- - ( .

using the values X, ¥ and 5 from system (14).

i For this derivative the quudratic form Uy =

| boo b e 1)

1s empleyed with ceefficients equal te

(26)
The quadratic form (15) is definitely negative if
! Loy

v !

s

A and . g

A i
Tt is easily demonstrated that any Ne and b satisfy these inequalities,

. Yoo e,

an
* V In erder.-to determine whether the conditiens fer the above-proven
eriteria are fulfilled, we must new cempare, passing ever te squations
(10), the npn’iinur function F = 39.9F (x,y) mnn by the series of
curves in !'1;‘!:)3 (or 4n ri{':().)%ith the linear fumetion

% ; }\vkli»'\* b gﬂ" ’2« je ~ 5

7

s

i
I
i i
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- O 0

for
to establish-a® which values of X and y it is possible

It is necessary
—
(17)3 in such & W&y

te select N and‘ bi’ satisfying the inequalities

that -
4.9 F (x,y) = -flax = (50 # fi)y.

Tith this purpese in mind, lisidies) of straight lines

»
, F z 01#X - 50.36y and F = 82_ X ° L6y were drtwn, (in Pigws
¢ fer first variant of the engine and in Fi{;:'I for the second variant)

where

urves {11ustrated

-1, = 1, 209).

and y was given all those values, in tum,ﬁ‘ which the ¢

(")
in ng",fz end 3 were drawn (these values are ¥ = ~3» =3,

- NE

;
7 ) e
Thus, each ef the indic or,one hand, "

sted values for ¥y cerreprondsy

" .
to a specific curveov; Figy 2 {er on F:Lg': 3), nn;) on the other hanLd), te

lines#, shovn in Fig(lG

(7)

==3) 18 cross-hatched

a region limited by 4 segments of straight
X
(or in Figy Mo .
{ o
One of these regionss (corresponding to ¥
in i-“iég?/s and e,

Conditions fer our criterion are fulfilled
fon F (x, y) do mot emerge beyond the limits of

in this case if ell the

curves assigned to funct!

the regions constructed for them in this manner.

Feet.notel&ﬁor case y = O "iud Two SLTaighy Tines.

&¥he number of these regions to be constructed is the same
as the number of curves Wi 5 assigned te the. notﬁllm’an function
¥ (x,y) being considered. )

/*mithin Limits, determined by the

\

|

A

v

range of fixed characteristics.
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» SOLUTION OF EXAMPLE
From Fu?\ 6 it follews, that, in regulating an engine whese chara=-

cteristics are shown in !u{J 2, the conditiens for eur eriterion are

fulfilled and the precess ef re@htion converges urtor Any initial dofloctio;'

NOTE 7o TYPI58T |
See precoding pcgo for footnobe .

In regulating an engine whose characteristics are shown in F’fe,\ 3,

whatodver they might be %,

the conditiona of eur criterion, in sccerdance with Fig’\/V. are ful-

filled only # x> -=200.
Let us separete from among the ellipsoids (12)/ with values

B determined by aqunZﬂ/}ona (13) -ﬁ ellipsoid, related to &he plane
b x = =200 = fonst., andjcut this ellipsold by the plane & = Os

In the cross-section there appears an ellipse

0.1EX> + 3539y - 2.01¥xy = 21195 F

The region of initial deflections, assigned by the conditions of the

example

(18)
1ies entirely within this ellipso7/-ni, accordingly, the tested regu-
lation pnceus‘{described by equations (lo)Tconvergea after any initial

deflection satisfying the given conditions (13).

ATING A NEW PROBLEM
The rogion\ \ o‘neg?.ireAr characteristics can pass birewgh

arbitrarily without violating the condit.ionsu;t)o‘;:“decrement of the

system bLecomes more extenaivo ’ the stronger. the ‘ th. V'W ’f
ouaniidies .“* and k{}w%nmm Smbeminsgualitivs (8). It 1s

natural, therefere, te explain the limiting valuss for these quantities,

%
A
At the seme time, oo 10 ne lengersag besie-£ér connectim then with

the prewen criterioni and te require thn;-tor systen (6) pmit—ohoudd-be

e e A P . S

N L -
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'

Caa
-pno&bh:» use the same "Lyapunov" function fer any aij satisfying the

inequalities (8). It is essential only that system (1) should undergo
o decrement in the entire space, if 44—is-peeeible~de-setect aiy 4V be galeciof

) s
for any point in such a way that the nlmu.‘:ttho right -pards of

equations (1) and (6) wemdst coincide,
. Rowth- Hurwits® {or
Let system (2) uuufy\w\ criterion of-Rews-Curvits-et any a4,

if cn'!-

ORI O Y L

and does not satisty it, 1f 31j4bY% ] — & o ayj > ‘:3‘_1. -
hewever small the pesitive nulborﬁ may be.
Is it at all pessible t; widen the band betweem ajs* and a“‘* up
to the 1limits of m'm&f 1. e., up to the values byy* 874 "?13?
Ve shall limit eurselves here -1”& the statememt of this
interesting pmblel,-hon solutien would not only pewmid-e connidorub]}
mpn.ux‘«-ot the abeve-stated method, but mowkd slso pornii-bhe
dwolop-? f\nduentnlip «@ the basis of linear lethods,whié‘n tlfs
author considers as the most important result of the present work.
Department of Automatic Regulation
Institute of Autematics and Telemechanics
Acadeny of Sciences of the USSR
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Diesel-moter (first variant)

Fig. X Assigned ehlracteriaticn of &

stics of & Diesel-motor (second variant) :

e —

jesel engine (£irst varisnt)

Fig. 2 Acsigned eharacteri

fon 39.9F (x,y) for a D:

Ak
Fig. 3 Value ofAfunct
PR

cond variant)

| — 7
Fig, 4 Velue of jfunction 3.9 F (% y) for & Diesel engine (se

' —— 4__—-—'—-'-‘—"__—___'_———"—'_'——-
/, Pig. 5 M&ﬁmw
; Prineiple diagram of Diesel engine regulator
Lever for changing the pump rod
. Engine transmission

£ixed conditions

|
e characteristics (first veriant) with

Fig. 6 Comparison of Diesel engin:

L)
,r.alotv through which these characteristics
will

Vprecess ‘@@Wugo after any initisl deflection.
istics (second variant)

Fig. 7 Comparison of Diesel engine character
characteristics must pass in order that

e ons
with :Leoe' through whieh thete
will
any initial deflection.

therp,r.caas y i‘gg\}}_é@i&n}b converge after

must pass in o~der that the
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